
THE TANGENT PROBLEM (14.4)      CH14 Final Review Notes 
 
 

   
 
 
Slope of a Tangent Line at C:  Instantaneous Rate of Change of F(X) with X at C 

         
 
Instantaneous Rate of Change Equation (used to find the slope of the tangent line for any value of x) 
 

 
 
Find the Derivative Equation for the functions below using the limit above.  Then find the derivative value 
when X = 2.  Check you answer with the First Derivative Shortcut… 
 

1.  F(X) = X2       2.  F(X) = 2X2 – 9X + 8 
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TANGENT PROBLEM
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One question that motivated the development of calculus was a geometry
problem, the tangent problem. This problem asks, "What is the slope of the
tangent line to the graph of a function y = f (x) at a point P on its graph?"
See Figure 13.

We first need to define what we mean by a tangent line. In high school
geometry, the tangent line to a circle is defined as the line that intersects the
graph in exactly one point. Look at Figure 14. Notice that the tangent line just
touches the graph of the circle.

This definition, however, does not work in general. Look at Figure 15.
The lines L, and L2 only intersect the graph in one point P, but neither
touches the graph at P. Additionally, the tangent line LT shown in Figure 16
touches the graph of fat P, but also intersects the graph elsewhere. So how
should we define the tangent line to the graph of f at a point P?
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1 The tangent line LT to the graph of a function y = f(x) at a point P neces-
sarily contains the point P. Because of the point-slope form of the equation
of a line, it remains to find the slope mtan of the tangent line.

Suppose that the coordinates of the point Pare (c, f( c)). Locate an-
other point Q = (x, f( x)) on the graph of f. The line containing P and Q is
the secant line. (Refer to Section 2.2.) The slope msec of the secant line is

f(x) - f(c)
x-c

Now look at Figure 17.
As we move along the graph of f from Q toward P, we obtain a succes-

sion of secant lines. The closer we get to P, the closer the secant line is to the
tangent line. The limiting position of these secant lines is the tangent line.
Therefore, the limiting value of the slopes of these secant lines equals the
slope of the tangent line. But, as we move from Q toward P, the values of x
get closer to c. Therefore, it follows that

. . f(x) - f(c)
mtan = hm msec = hm -----

x~c x--+c X - C

The tangent line to the graph of a function y = f(x) at a point
P = (c, f( c)) on its graph is defined as the line containing the point P
whose slope is

. f(x) - f(c)mtan = hm '--'--'---'--'----'-
x ....•c x - c

922 CHAPTER 14 A Preview of Calculus: The Limit, Derivative, and Integral of a Function

Figure 13

y

Tangent line
to fat P

Figure 14

Figure 17

y

01 = (x1' f(X1))
t,

P= (e, ((c))

e x

TANGENT PROBLEM

x

One question that motivated the development of calculus was a geometry
problem, the tangent problem. This problem asks, "What is the slope of the
tangent line to the graph of a function y = f (x) at a point P on its graph?"
See Figure 13.

We first need to define what we mean by a tangent line. In high school
geometry, the tangent line to a circle is defined as the line that intersects the
graph in exactly one point. Look at Figure 14. Notice that the tangent line just
touches the graph of the circle.

This definition, however, does not work in general. Look at Figure 15.
The lines L, and L2 only intersect the graph in one point P, but neither
touches the graph at P. Additionally, the tangent line LT shown in Figure 16
touches the graph of fat P, but also intersects the graph elsewhere. So how
should we define the tangent line to the graph of f at a point P?

Figure 15 Figure 16

y

Lr

xx

1 The tangent line LT to the graph of a function y = f(x) at a point P neces-
sarily contains the point P. Because of the point-slope form of the equation
of a line, it remains to find the slope mtan of the tangent line.

Suppose that the coordinates of the point Pare (c, f( c)). Locate an-
other point Q = (x, f( x)) on the graph of f. The line containing P and Q is
the secant line. (Refer to Section 2.2.) The slope msec of the secant line is

f(x) - f(c)
x-c

Now look at Figure 17.
As we move along the graph of f from Q toward P, we obtain a succes-

sion of secant lines. The closer we get to P, the closer the secant line is to the
tangent line. The limiting position of these secant lines is the tangent line.
Therefore, the limiting value of the slopes of these secant lines equals the
slope of the tangent line. But, as we move from Q toward P, the values of x
get closer to c. Therefore, it follows that

. . f(x) - f(c)
mtan = hm msec = hm -----

x~c x--+c X - C

The tangent line to the graph of a function y = f(x) at a point
P = (c, f( c)) on its graph is defined as the line containing the point P
whose slope is

. f(x) - f(c)mtan = hm '--'--'---'--'----'-
x ....•c x - c

922 CHAPTER 14 A Preview of Calculus: The Limit, Derivative, and Integral of a Function

Figure 13

y

Tangent line
to fat P

Figure 14

Figure 17

y

01 = (x1' f(X1))
t,

P= (e, ((c))

e x

TANGENT PROBLEM

x

One question that motivated the development of calculus was a geometry
problem, the tangent problem. This problem asks, "What is the slope of the
tangent line to the graph of a function y = f (x) at a point P on its graph?"
See Figure 13.

We first need to define what we mean by a tangent line. In high school
geometry, the tangent line to a circle is defined as the line that intersects the
graph in exactly one point. Look at Figure 14. Notice that the tangent line just
touches the graph of the circle.

This definition, however, does not work in general. Look at Figure 15.
The lines L, and L2 only intersect the graph in one point P, but neither
touches the graph at P. Additionally, the tangent line LT shown in Figure 16
touches the graph of fat P, but also intersects the graph elsewhere. So how
should we define the tangent line to the graph of f at a point P?

Figure 15 Figure 16

y

Lr

xx

1 The tangent line LT to the graph of a function y = f(x) at a point P neces-
sarily contains the point P. Because of the point-slope form of the equation
of a line, it remains to find the slope mtan of the tangent line.

Suppose that the coordinates of the point Pare (c, f( c)). Locate an-
other point Q = (x, f( x)) on the graph of f. The line containing P and Q is
the secant line. (Refer to Section 2.2.) The slope msec of the secant line is

f(x) - f(c)
x-c

Now look at Figure 17.
As we move along the graph of f from Q toward P, we obtain a succes-

sion of secant lines. The closer we get to P, the closer the secant line is to the
tangent line. The limiting position of these secant lines is the tangent line.
Therefore, the limiting value of the slopes of these secant lines equals the
slope of the tangent line. But, as we move from Q toward P, the values of x
get closer to c. Therefore, it follows that

. . f(x) - f(c)
mtan = hm msec = hm -----

x~c x--+c X - C

The tangent line to the graph of a function y = f(x) at a point
P = (c, f( c)) on its graph is defined as the line containing the point P
whose slope is

. f(x) - f(c)mtan = hm '--'--'---'--'----'-
x ....•c x - c

SECTION 14.4 The Tangent Problem; The Derivative 923

provided that this limit exists. If mtan exists, an equation of the tangent
line is

y - f(c) = mtan(x - c)

__ Finding an Equation of the Tangent line

Find an equation of the tangent line to the graph of y = X2 / 4 at the point
(1,1/4).

So I uti 0 n The tangent line contains the point (1, 1/4). The slope of the tangent line to
the graph of y = x2/4 at (1, 1/4) is

. f(x) - f(l) . x2/4 - 1/4 . ~(x + 1)m = lim = lim =hm---'---------'----
tan x~l x-I x~l x-I x~l 4~

• X + 1 1
=hm--=-

x~l 4 2

An equation of the tangent line is

1 1
Y - 4" = "2 (x - 1) y - f(c) = mtan(x - c)

1 1y=-x--
2 4

Figure 18(a) shows the graph of y = x2/4 and the tangent line at (1, 1/4)
drawn by hand. Figure 18(b) shows the graph of Y1 = X2 / 4 and the tangent
line Y2 = (1/2)x - 1/4 on a graphing utility.

Figure 18 y
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NOW WORK PROBLEM 3.

2 The limit in formula (1) has an important generalization: it is called the
derivative off at c.

Let y = f(x) denote a function f. If c is a number in the domain of f,
the derivative off at c, denoted by f'(c), read "f prime of c," is de-
fined as

f'(c) = lim f(x) - f(c)
x~c X - C

provided that this limit exists.
 Precalculus                 Name_______________________________ 
Definition of the Derivative and Finding Relative Maxima and Minima 
 
 
Formal Definition of the Derivative, 𝑓′(𝑥), (slope of the tangent line) – for any value of x 
 

 𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)
ℎ    

 
 

                                                                       
 
 
 
Example 1: Graph the function, 𝑓(𝑥). Find 𝑓′(𝑥), using the definition of the derivative. Then determine where 
a relative maximum or minimum point occurs by setting 𝑓′(𝑥) = 0 and solving for 𝑥. 
 
𝑓(𝑥) = 2𝑥2 − 3𝑥 − 2 
 

 
 
 
 
 
 

 
 



 
 

 
PRACTICE: Use the First Derivative Shortcut…. 
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